In this paper, we unify all know iterative methods by introducing a new explicit iterative scheme for approximation of common fixed points of finite families of total asymptotically I-nonexpansive mappings. Note that such a scheme contains as a particular case of the method introduced in [C.E. Chidume, E.U. Ofoedu, Inter. J. Math. & Math. Sci. Article ID 615107, 17p]. We construct examples of total asymptotically nonexpansive mappings which are not asymptotically nonexpansive. Note that no such kind of examples were known in the literature. We prove the strong convergence theorems for such iterative process to a common fixed point of the finite family of total asymptotically I−nonexpansive and total asymptotically nonexpansive mappings, defined on a nonempty closed convex subset of uniformly convex Banach spaces. Moreover, our results extend and unify all known results.
Introduction
Let K be a nonempty subset of a real normed linear space X and T : K → K be a mapping. Denote by F (T ) the set of fixed points of T , that is, F (T ) = {x ∈ K : T x = x}. Throughout this paper, we always assume that X is a real Banach space and F (T ) = ∅. Now let us recall some known definitions ( T n x − T n y − x − y ), σ n := max{0, a n }, (1.2) then σ n → 0 as n → ∞ and (1.1) reduces to
In [3] - [4] Browder studied the iterative construction for fixed points of nonexpansive mappings on closed and convex subsets of a Hilbert space. Note that for the past 30 years or so, the study of the iterative processes for the approximation of fixed points of nonexpansive mappings and fixed points of some of their generalizations have been flourishing areas of research for many mathematicians (see for more details [15] , [9] ).
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [16] as a generalization of the class of nonexpansive mappings. They proved that if K is a nonempty closed convex bounded subset of a uniformly convex real Banach space and T is an asymptotically nonexpansive self-mapping of K, then T has a fixed point.
The class of mappings which are asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [6] . It is known [20] that if K is a nonempty closed convex bounded subset of a uniformly convex Banach space X and T : K → K is an asymptotically nonexpansive mapping in the intermediate sense, then T has a fixed point. It is worth mentioning that the class of mappings which are asymptotically nonexpansive in the intermediate sense contains properly the class of asymptotically nonexpansive mappings (see, e.g., [21] )
The iterative approximation problems for nonexpansive mapping, asymptotically nonexpansive mapping and asymptotically nonexpansive mapping in the intermediate sense were studied extensively in [16] , [20] , [21] , [6] , [5] , [22] , [37] , [26] , [17] , [31] , [32] , [33] , [7] , [8] , [13] , [14] .
There are many different types of concepts which generalize a notion of nonexpansive mapping. One of such concepts is a total asymptotically nonexpansive mapping ( [1] ) and second one is an asymptotically I-nonexpansive mapping ( [30] ). Let us recall some notions. Definition 1.3. Let K be a nonempty closed subset of a real normed linear space X. T : K → K is called a total asymptotically nonexpansive mapping if there exist nonnegative real sequence {µ n } and {λ n } with µ n , λ n → 0 as n → ∞ and strictly increasing continuous function φ : R + → R + with φ(0) = 0 such that for all x, y ∈ K,
In addition, if λ n = 0 for all n ≥ 1, then total asymptotical nonexpansive mappings coincide with asymptotically nonexpansive mappings. If µ n = 0 and λ n = 0 for all n ≥ 1, we obtain from (1.5) the class of mappings that includes the class of nonexpansive mappings. If µ n = 0 and λ n = σ n = max{0, a n }, where a n := sup
(1.5) reduces to (1.3) which has been studied as mappings asymptotically nonexpansive in the intermediate sense.
The idea of the definition of a total asymptotically nonexpansive mappings is that to unify various definitions of classes of mappings associated with the class of asymptotically nonexpansive mappings and to prove a general convergence theorems applicable to all these classes of nonlinear mappings.
Alber et.al. [1] studied methods of approximation of fixed points of total asymptotically nonexpansive mappings. Chidume et.al. [10] introduced an iterative scheme for approximation of a common fixed point of a finite family of total asymptotically nonexpansive mappings in Banach spaces. Recently, Chidume et.al. [11] constructed a new iterative sequence much simpler that other types of approximation of common fixed points of finite families of total asymptotically nonexpansive mappings.
On the other hand, in [30] an asymptotically I-nonexpansive mapping was introduced. such that T n x − T n y ≤ λ n I n x − I n y for all x, y ∈ K and n ≥ 1;
Best approximation properties of I-nonexpansive mappings were investigated in [30, 12] . In [27] strong convergence of Mann iterations of I-nonexpansive mapping has been proved. In [23] the weak convergence of three-step Noor iterative scheme for an I-nonexpansive mappping in a Banach space has been established. In [34] the weakly convergence theorem for asymptotically I-nonexpansive mapping defined in Hilbert space was proved. Recently, in [18, 35, 36 ] the weak and strong convergence of explicit and implicit iteration process to a common fixed point of a finite family of asymptotically I-nonexpansive mappings have been studied.
In this paper, we introduce a new type of concept of a generalization of nonexpansive mapping's nation, which is a combination of Definitions 1.3 and 1.5. Definition 1.6. Let T : K → K, I : K → K be two mappings of a nonempty subset K of a real normed linear space X. Then T is said to be a total asymptotically I-nonexpansive mapping if there exist nonnegative real sequences {µ n } and {λ n } with µ n , λ n → 0 as n → ∞ and the strictly increasing continuous function φ :
Now let us provide an examples of a total asymptotically I-nonexpansive mapping, which is not asymptotically nonexpansive mapping. Example 1. Let us consider the space ℓ 1 , and let B 1 = {x ∈ ℓ 1 : x 1 ≤ 1}. Define a nonlinear operator T :
One can find that
From x, y ∈ B 1 we have
So, it follows from (1.8),(1.8) that
Now consider a new Banach space R × ℓ 1 with a norm X = |x| + x 1 , where X = (x, x) and define a new mapping S :
. Therefore, using (1.11) we obtain
We let φ(t) = t + √ t and µ k = α k . It is clear that φ(0) = 0 and φ is strictly increasing, and moreover (1.11) implies
that S is a totaly asymptotically I-nonexpansive mapping. Here I is the identity mapping of R × ℓ 1 . Now we are going to show that S is not asymptotically nonexpansive. Namely, we will establish that for any sequence of positive numbers {λ n } with λ n → 0 and any k ∈ N one can find X 0 , Y 0 such that
In fact, choose X 0 , Y 0 as follows:
The last equalities with (1.12) imply that
This yields the required assertion. Note that S has infinitely many fixed points in K, i.e.
Example 2. Let us consider the Banach space R×ℓ 1 defined as before, and f be a mapping of a segment C ⊂ R to itself, i.e. f : C → C with f (0) = 0 and
where c n → 0. Note that such kind of functions do exist. One can take (see for more details [21] )
here T is defined as above (see (1.7)). Using the same argument as above Example 1, we can establish that
Moreover, such a mapping is not asymptotically nonexpansive. Note that the mapping S fκ with the function f κ has a unique fixed point in C × B 1 .
Remark. To the best our knowledge, we should stress that the constructed examples are currently only unique examples of totaly asymptotically nonxpansive mappings which are not asymptotically nonxpansive. Before, no such examples were known in the literature.
Aim of the present paper is unification of all know iterative methods by introducing a new iterative scheme for approximation of common fixed points of finite families of total asymptotically I-nonexpansive mappings. Note that such a scheme contains as a particular case of the method introduced in [11] , and allow us to construct more simpler methods than [10, 11] .
Namely, let K be a nonempty closed convex subset of a real Banach space X and {T i } m i=1 : K → K be a finite family of total asymptotically I i −nonexpansive mappings, i.e.
and
: K → K be a finite family of total asymptotically nonexpansive mappings, i.e. 14) here φ i , ϕ i : R + → R + are the strictly increasing continuous functions with
are nonnegative real sequences with
in (0, 1), where j = 0, m, we shall consider the following explicit iterative process:
( Chidume et.al. [11] has considered only a particular case of the explicit iterative process (1.15), in which {I i } m i=1 to be taken as the identity mappings. One of the main results of [11] (see Theorem 3.5. p.11) was correct while the provided proof of that result was wrong. Since, in their proof they used Lemma 2.3, but which actually is not applicable in that situation, since the sequence {t n } ∞ n=1 tends to 0. As a counterexample, we can consider the following one: let x ∈ X, x = d > 0, and let the sequences x n , y n , t n be defined as follows
It is then clear that
However, lim
In this paper, we shall provide a correct proof of Theorem 3.5 p.11 in [11] . As we already mentioned Lemma 2.3 is not applicable the main result of [11] . Therefore, we first will generalize Lemma 2.3 to the case of finite number of sequences. Such a generalization gives us a possibility to prove the mentioned result. On other hand, the provided generalization presents an independent interest as well. Moreover, we extend and unify the main result of [11] for a finite family of total asymptotically
. Namely, we shall prove the strong convergence of the explicit iterative process (1.15) to a common fixed point of the finite family of total asymptotically I i −nonexpansive mappings {T i } m i=1 and the finite family of total asymptotically nonexpansive mappings
. Here, we stress that Lemmas 3.1 and 3.2 play a crucial role. All presented results here extend, generalize, unify and improve the corresponding main results of [1] , [11] , [18] , [35] , [36] , [28] , [29, ] .
Preliminaries
Throughout this paper, we always assume that X is a real Banach space. The following lemmas play an important role in proving our main results.
Lemma 2.1. [33] Let {a n }, {b n }, {c n } be three sequences of nonnegative real numbers with
then the limit lim n→∞ a n exists.
Lemma 2.2.
[38] Let X be a uniformly convex Banach space and t ∈ (0, 1). Suppose {x n }, {y n } are two sequences in X such that
[31] Let X be a uniformly convex Banach space and b, c be two constants with 0 < b < c < 1. Suppose that {t n } is a sequence in [b, c] and {x n }, {y n } are two sequences in X such that
Main results
In this section we shall prove our main results. To formulate ones, we need some auxiliary results.
First we are going to generalize of Lemmas 2.2 and 2.3 for m number of sequences {z in } ∞ n=1
from the uniformly convex Banach space X, where i = 1, m.
Lemma 3.1. Let X be a uniformly convex Banach space and α i ∈ (0, 1), i = 1, m be any constants with Proof. Let us first prove lim n→∞ z in = d for any i = 1, m. Indeed, it follows from (3.1) that
We then get that lim inf
Now we prove the statement lim n→∞ z in − z jn = 0 by means of mathematical induction w.r.t. m. For m = 2, the statement immediately follows from Lemma 2.2. Assume that the statement is true, for m = k − 1. Let us prove for m = k. To do this, denote
We then obtain lim inf n→∞ t n ≥ d which means lim n→∞ t n = d. In this case, according to the assumption of induction with the sequence t n , we can conclude that lim
Since lim
If 1 ≤ j ≤ k − 1 then the following inequality
implies that lim n→∞ z jn − z kn = 0. This completes the proof. Lemma 3.2. Let X be a uniformly convex Banach space and α * , α * be two constants with Proof. Analogously as in the proof of Lemma 3.1, it is easy to show that lim
Therefore, let us prove the statement lim n→∞ z in − z jn = 0 for any i, j = 1, m. Suppose contrary, i.e., there exist two numbers i 0 , j 0 such that lim sup
Then, there exists a subsequence
Let us consider the subsequences
It then follows that lim inf
On the other hand, we have lim sup
However, it contradicts to
This completes the proof. 
3) 
: K → K are a total asymptotically I i −nonexpansive and a total asymptotically nonexpansive mappings, respectively, from (3.5) and (3.6) one gets 
Proof. Since F = ∅, for any given p ∈ F, it follows from (1.15) and (3.4) that
Again from (1.15) and (3.3) we derive that
Then from (3.7) and (3.8) one finds
Denoting a n = x n − p in (3.9) one gets
c n < ∞, it follows from Lemma 2.1 the existence of the limit lim n→∞ a n .
This means the limit
exists, where d ≥ 0 is a constant. This completes the proof. Now we prove the following result. Proof. The necessity of condition (3.11) is obvious. Let us proof the sufficiency part of Theorem.
: K → K are continuous mappings, the sets F (T i ) and
For any given p ∈ F, we have (see (3.9))
Hence, one finds
From (3.13) due to Lemma 2.1 we obtain the existence of the limit lim n→∞ d(x n , F ). By condition (3.11), one gets
Let us prove that the sequence {x n } converges strongly to a common fixed point in F. We first show that {x n } is Cauchy sequence in X. In fact, due to 1 + t ≤ exp(t) for all t > 0, and from (3.12), we obtain
(3.14)
Thus, for any positive integers m, n, from (3.14) with
c n < ∞, we find
Therefore we get
for all p ∈ F , where 0 < W − 1 = exp 
2W
. Consequently, for all integers n ≥ N 0 and m ≥ 1 and from (3.16) we derive
which means that {x n } is Cauchy sequence in X, and since X is complete there exists x * ∈ X such that the sequence {x n } converges strongly to x * .
Now we show that x * is a common fixed point in F. Suppose for contradiction that x * / ∈ F. Since F is closed subset of X, we have that d(x * , F ) > 0. However, for all p ∈ F, we have
This implies that
Hence, x * is a common fixed point in F. This proves the required assertion.
To formulate and prove the main result, we need one more an auxiliary result. 
are sequences with Proof. According to Lemma 3.4 for any p ∈ F we have lim
as n → ∞. By means of 3.20) and from (3.4), (3.20) we have lim sup for all i = 1, m. Now from (1.15) and (3.22) we infer that
On the other hand, from (3.4) we have Again from (1.15) we can see that
From (3.3) and (3.10) one finds lim sup
for all i = 1, m. Now applying Lemma 3.2 to (3.26) we obtain
for all i = 1, m. We then have Proof. Without any loss of generality, we may assume that T 1 is compact. This means that there exists a subsequence {T
converges strongly to x * ∈ K. Then from (3.17) we have that {x n k } ∞ k=1 converges strongly to x * . Also from (3.17), we obtain {T
converges strongly to T i x * , for all i = 1, m. On the other hand, from (3.18) and continuousness of
we obtain that {I
converges strongly to x * and {I
converges strongly to x * and moreover, (3.4) and (3.3) imply that { T
for all i = 1, m. Taking limit as k → ∞ we have that x * = T i x * and x * = I i x * , for all i = 1, m, which means x * ∈ F. However, by Lemma 3.4, the limit lim x n k − x * = 0, which means {x n } converges strongly to x * ∈ F. This completes the proof.
Remark. If one has that all I i are identity mappings, then the obtained results recover and correctly prove the main result of [11] .
Remark. Suppose we are given two family {T i } Under suitable conditions, by the same argument and methods used above one can prove, with either little mirror or no modifications, the strong convergence of the explicit iterative process defined by (3.29) to a common fixed point of the given families. The defined scheme is a new iterative method generalizing one given in [11] . So, according our main results for the defined sequence {x n } (see (3.31)) we obtain strong convergence theorems. On the other hand, playing with numbers {α jn } ∞ n=1 , {β jn } ∞ n=1 and by means of the defined method one may introduce lots of different schemes. All of the them strongly converges to a common fixed point of {T i } m i=1 . Moreover, the recursion formula (3.31) is much simpler than the others studied earlier for this problem [1] , [10] , [18] , [35] , [28] , [2] , [24] , [19] , [40] . Therefore, all presented results here generalize, unify and extend the corresponding main results of the mentioned papers. Note that one can consider the method (1.15) with errors, and all the theorems could be carry over for such iteration scheme as well with little or no modifications.
We stress that all the theorems of this paper carry over to the class of total asymptotically quasi I-nonexpansive mappings (see [11] ), [39] with little or no modifications.
